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MINIMUM POWER SLEWS 
AND THE JAMES WEBB SPACE TELESCOPE 
Mark Karpenko,* Cornelius J. Dennehy,t Harleigh C. Marsh+ and Qi Gong§ 
Power is a precious commodity in space flight. Reducing the power demands of 
reaction wheels during spacecraft attitude slews can have multiple benefits both 
in the up-front spacecraft design phase as well as during in-flight operations. In 
an effort to reduce power requirements of momentum control systems, many au-
thors have contemplated the use of proxies for reaction wheel power to design 
minimal effort slews. Proxies for power are used because the power input equa-
tion is non-smooth leading to a seemingly unsolvable problem in optimal con-
trol. In this paper we show, through the application of various transformations 
and the introduction of appropriate functional constraints, that a smooth cost 
functional for reaction wheel input power can indeed be built. Standard tech-
niques can then be used to solve and analyze the power optimal slew problem. 
The concept is applied to reduce the power requirements for a typical large-
angle slew of the James Webb Space Telescope. The energy reduction(~ 20%) 
is obtained by finding a minimum power momentum distribution that achieves 
the necessary control effort while simultaneously reducing power input to the 
individual wheels. 
INTRODUCTION 
Reducing reaction wheel power requirements is a desirable objective in the implementation of 
spacecraft attitude control systems. Accordingly, many authors have investigated techniques for 
designing effort optimal attitude maneuvers. We emphasize the term effort to draw attention to the 
fact that in the literature, the true reaction wheel power consumption is not minimized - only cost 
functionals that represent proxies for power. For example, a feedback solution was developed in L l] 
to minimize the L2 norm of the instantaneous mechanical energy (torque times angular rate) of a 
redundant reaction wheel array. While the mechanical energy can represent a significant component 
of the total power consumption, it is not the only term in the power equation. Regenerative energy 
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optimal reaction wheel attitude control was investigated in [2], again using mechanical energy as a 
cost functional. In practice, however, regeneration is not employed on current spacecraft systems 
and it is not clear if such solutions remain valid when generated current is shunted to ground. 
Similarly in [3,4], the proxy for reaction wheel power was assumed to be the square of the wheel 
mechanical power and in 15] the current-squared times resistance (copper-loss) was used instead. 
Instantaneous friction losses were considered in addition to mechanical power in [6] as parl of a 
dissipative power reduction control allocation scheme for momentum control systems. A version 
of the power cost functional was also considered in [7] where it was shown that under certain 
operational conditions, e.g. a redundant reaction wheel array with fixed wheel speed bias, the 
reaction wheel power input equation can be reduced to a certain quadratic form. 
There are both up-front design benefits and in-flight operational advantages (especially late in 
the mission life) to be gained by applying methods to minimize reaction wheel power consumption, 
rather than proxies for power, during spacecraft attitude slews. One of the up-front design benefits 
of minimizing the wheel power demands on any given spacecraft is centered on simplifying the 
design of the electrical channels servicing the reaction wheels. Consider, for example, the fact 
that executing a maneuver (particularly a large-angle slew) may cause large but short-term power 
demands. This can generate electrical transients/surges that can degrade power quality across the 
entire main electrical bus of the vehicle. On some spacecraft, the main bus may not only service the 
reaction wheels, bus also the delicate on-board science instruments so great care must be taken in 
the design of the spacecraft electrical system. 
Typically, the electrical channels feeding power to the reaction wheels are sized for the predicted 
wheel peak power requirements. On some spacecraft, this may necessitate electrical service to the 
reaction wheels as high as l O Amps. Designing sufficient over-current protections in such power 
systems, where the wheel peak-to-average power draw ratio is much greater than one, is often 
problematic and nuisance over-current trips can become troublesome during in-flight operations. 
Minimizing reaction wheel power demands and energy consumption could allow for operations in 
which the reaction wheel peak-to-average power draw ratio is closer to unity. This would simplify 
the design of the reaction wheel electrical feed channels. Reducing the reaction wheel power de-
mands could also influence battery sizing since these energy storage devices are typically sized to 
accommodate the requirements of high spacecraft slew rates. Thus, mass savings could be realized 
in the power distribution components and the electrical bus cabling as well as in the batteries. 
From an operational point of view, reducing reaction wheel energy consumption during the large-
angle attitude slews could have the benefit of lowering the induced thermal stresses within the 
wheels themselves: both in the wheel drive electronics and in the wheel bearing/lubrication system. 
This may have the positive impact of prolonging the life expectancy of the wheels. Such a consid-
eration is important for a spacecraft like the James Webb Space Telescope (.JWST) which will be 
expected to perform its science mission for more than a decade, particularly in light of the recent 
failures of the reaction wheels on NASA's Dawn, Mars Odyssey, and Kepler spacecraft. 8 
The ability to perform large attitude slews for science encounters late in mission life, can also 
be enhanced by reducing reaction wheel power requirements. Consider that late in a spacecraft's 
mission life, the power system margins can become degraded so that a peak power load (e.g., dur-
ing a large-angle slew) may create electrical transients that are larger than the power system can 
accommodate while still maintaining an acceptable power quality. By minimizing reaction wheel 
energy demands, science operations could continue well after the end of the primary mission du-
ration because large attitude slews could still be performed despite diminished or degraded power 
generation/energy storage capabilities. 
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The most compelling benefits to be gained from reducing reaction wheel power demands come 
from: (i) simplifying the electrical power system branch circuits servicing the reaction wheels, (ii) 
improvements in the spacecraft's power quality system-wide, (iii) reduced electrical transients/surges 
as seen by the battery energy storage elements or the science instruments, and (iv) the potential for 
prolonging the useful mission life of a spacecraft. Thus, minimizing reaction wheel power is an 
important problem. Yet in the literature, only proxies for power have been considered. This is pri-
marily because the former problem is a difficult to solve non-smooth optimal control problem. A 
non-smooth optimal control problem has terms that are non-differentiable with respect to their ar-
guments. Solution of such problems by the application of Pontryagin 's Minimum Principle requires 
the use of complicated non-smooth analysis,9• IO which motivates the desire to work instead with 
various quadratic proxies for power. In this paper, we show how a smooth cost functional based 
on the reaction wheel power input equation can be built through the application of various transfor-
mations. By generating a smooth optimal control problem from the original non-smooth problem, 
standard techniques, e.g. Pseudospectral optimal control theory [11], can be applied to obtain a 
solution so that the various terms comprising the power input equation can be properly accounted 
for. 
As an application example, we consider attitude slewing of the JWST and present the develop-
ment of minimum power slews for reaction wheel spacecraft. The JWST was chosen as an example 
because the spacecraft is expected to have a long mission life. Exploring power reduction strategies 
is thus a relevant and practical engineering problem since the results could be used to prolong life 
expectancy or enhance end of mission operations. Moreover, the JWST employs a redundant array 
of six reaction wheels for attitude control. This redundancy creates a tradespace that can be ex-
ploited for reaction wheel power reduction even when maneuvers are constrained to the Eigenaxis. 
It is shown that current attitude control systems are not power optimal and that significant reduc-
tions in power requirements (approximately 20% for the example problem presented here). The 
power reduction is obtained by appropriate adjustments to the slew momentum profile and proper 
re-allocation of the individual reaction wheel controls. 
In the remainder of the paper, we describe the attitude dynamics of the JWST and develop an ap-
propriate model for reaction wheel power. We then show how minimizing reaction wheel power can 
be cast as a non-smooth L 1 optimal control problem and describe the details for transforming this 
problem into a smooth problem formulation. The results are then applied to determine a canonical 
minimum power large-angle slew for the JWST that is compared against the conventional strategy 
for slewing the spacecraft. 
ATTITUDE DYNAMICS OF THE JWST 
The JWST is the scientific successor to the Hubble Space Telescope. An artist's rendition of the 
spacecraft is shown in Figure 1. While the Hubble Space Telescope collects primarily optical and 
ultraviolet wavelengths, the JWST will collect infrared wavelengths and with greater sensitivity in 
order to extend the discoveries of the Hubble Space Telescope and carry out its four key scientific 
mission goals. 12 The mission duration is designed to be at least 5 years, but could be longer than 10 
years depending on fuel reserves and the rate at which the spacecraft's components degrade in the 
space environment. The JWST will orbit the Sun at the second Lagrange point (L2) of the Earth-Sun 
system. 
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Figure 1. Artist's rendering of the James Webb Space Telescope (JWST). 
Attitude control of the JWST is done using reaction wheels for slew and thrusters for momentum 
management/orbit maintenance. The rotational dynamics of the space telescope can be derived by 
considering the conservation of angular momentum in the inertial frame: 
N N N 1
1 
H (t) = 
0 
Text(t)dt + Ho (]) 
where HN (t) is the total angular momentum of the spacecraft at time t expressed in the inertial 
frame, N, and r[f.t(t) is the vector of time-varying externally applied torques (e.g. solar radiation 
pressure), also expressed in the N frame. 
Differentiating (] ), the following equation is obtained 
(2) 
where w is the angular rate of the spacecraft expressed in the body frame. The angular momentum 
of the spacecraft and its reaction wheel system is given, in the body frame, as 
HD= Jw+Zh (3) 
In (3), matrix J is the inertia tensor of the spacecraft with freely rotating reaction wheels and matrix-
vector product Zh is the total angular momentum associated with an array of n reaction wheels. 
The 3 x n reaction wheel transformation matrix Z = [z1iz2i · · • lz11 ] gives the orientation of the 
spin axis of each reaction wheel with respect to the spacecraft coordinate system. The product 
Zh, where h = [h1, h2 , ... , hnV, therefore represents the transformation of the reaction wheel 
momentum from the individual actuator frames to the body-fixed frame. The JWST uses an array 
of six reaction wheels so the attitude control system is over actuated. For such a control system, 
there is a theoretically infinite number of ways in which the commanded body-axis control torques 
can be allocated to the wheels, although least-squares allocation is normally used. Redundancy in 
actuation provides a natural mechanism for reducing the energy consumption of the array. 
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As it is convenient to work in the body-fixed frame, equation (2) is expanded (using eq. 3) and 
rearranged to give 
Jw + Zh + w X (Jw + Zh) = Tenv + TRCS (4) 
where the external torque T!:t = Tenv + TRcs has been expanded into an expression involving the 
environmental torque plus the torque due to the spacecraft reaction control system (RCS). These two 
torques are naturally expressed as vectors in the body-fixed coordinate frame. However, since the 
RCS is only used for momentum dumping and the environmental torques are small, it is reasonable 
to assume that the sum Tenv + TRcs is null during the course of a slewing maneuver. 
We now turn our attention to the dynamics of the reaction wheel. The angular momentum of each 
reaction wheel about its axis of rotation is 
(5) 
where l; is the inertia of reaction wheel i about its spin axis, and D; is the angular rate of the 
reaction wheel relative to the actuator frame. The product l1z; w accounts for the change in angular 
momentum arising due to the relative motion between the spinning rotors and the spacecraft body. 
Noting that the reaction wheel control torque is Tw = 1[1, the differential equation describing the 
reaction wheel dynamics can be written as 13 
. T. 
h; = Tw,i - l;z; w 
Combining (4) and (6), the rotational dynamics can be written in the following matrix form 
where 
[ t ] = r-1 [ -w X (J: + Zh) ] 





where J w = diag([ 11, h, ... , ]5]) is a diagonal matrix of reaction wheel rotor inertias and I0xG is 
a 6 x 6 identity matrix. The control vector is taken as u = [Tw,1, Tw,2, ... , Tw,Gf-
To complete the mathematical model of the spacecraft dynamics, the differential equations for 
the attitude kinematics are defined in terms of quaternions. The relevant differential equations are 14 
q = ½Q(w)q (9) 
where the skew-symmetric matrix Q ( w) is given as 
Q(w) ~ r 
0 W3 -W2 W1 
1 
-w3 0 W1 W2 
W2 -wi 0 w:, 
-w1 -w2 -W3 0 
(10) 
REACTION WHEEL POWER 
The power consumption of a reaction wheel may be derived by considering the electrical equa-
tions of a direct-current (DC) motor operating in the steady state. 15 In such a model, the load-torque 
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is the sum of the torque commanded by the attitude control system, Tcmd, and a friction term as-
sociated with the reaction wheel drag, Tcirag• ln the steady-state, the load-torque must be balanced 
against the average current, I, flowing through the motor windings: 
1 
I= I{r (Tcmcl + TJrag) (1 I) 
where Kr is the so-called motor torque constant. The drag torque comprises both a Coulomb and 
viscous term Tctrag = (31 sign(fl) + f32fl where /31 and /32 are constants for a given wheel and n 
is the reaction wheel angular rate. The term involving the sign of the wheel rate accounts for the 
directional effect of the Coulomb friction component. 
The equation describing the supply voltage drop across the reaction wheel electrical harness and 
drive motor is 
v;, = IR+ KriD (12) 
where Vs is the supply voltage, R is the combined harness and winding resistance, Kn is the back 
electromotive force (EMF) constant. The power input, P = IV, to the reaction wheel is, therefore 
_ R ( . ( ) )2 Kri ( . ( ) ) ., p - K'§, Tcmd + f31s1gn [l + (hfl + Kr St Tcmd + f31s1gn fl + f32fl +] q (l 3) 
where additional term, Pq, represents the quiescent draw associated with the electronics. We note 
that when the reaction wheel behaves as a generator, such as when a wheel is decelerated, P :S 0 
in (13). In a typical attitude control system, generated power is not recovered and is instead shunted 
to ground via a ballast resistor. Hence, bus power is only utilized by the reaction wheel when P > 0. 
Thus, the total electric power input to an array of n reaction wheels, at a given instant in time, is 
simply the sum over the wheels 
" 
Panay = L {P;} +, 
i=l 
where operator {P;} + is defined as 
{P;}+ = { P;, 
0, 
ifP; > o 
if P; :S 0 
( 14) 
(15) 
From (13) and (15) it is apparent that reaction wheel power input is a non-smooth function. Thus, 
a cost functional for minimizing energy over a slew, for example minimizing the cumulative power 
J = fr>'1'" Parray(t)di, is non-differentiable with respect to its arguments. This creates challenges 
not only in solving the associated optimal control problem, but also in analyzing the necessary 
conditions for optimality which is required to validate the solution. However as will be seen later, 
minimizing reaction wheel power can be interpreted as an L1-optimal control problem. Although 
the cost functional of an L1-optimal control problem is also non-smooth, we show in the next 
section how the solution to an L1 problem can be determined using smooth analysis and existing 
computational tools. 
L1 OPTIMAL CONTROL CONCEPTS 
The cost functional of an L 1 -optimal control problem is nonsmooth as it is non-differentiable 
with respect to its arguments. Rather than invoking the machinery of nonsmooth calculus (see 
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Clarke9• 10), an alternative is to transform the problem into a smooth one and then apply Pontryagin's 
principle as outlined in reference I 16], To familiarize the reader with the approach, a simplified 
version of the minimum power attitude control problem will be developed and analyzed in this 
section. The same concepts will then be utilized in the sequel, to minimize energy consumption of 
the 6-reaction wheel array of the JWST 
Consider a standard 4-wheel pyramid20 which has a 3 x 4 transformation matrix given by 
[ 
sin(ri) sin(17) 









where angle 17 is the elevation angle of the wheel spin axes from the yz-plane. As is apparent 
from (16), the wheels are uniformly distributed about the x-axis, 
In order to slew a spacecraft, the wheels are used to exchange momentum with the vehicle as 
described earlier. Recall that the angular momentum of the spacecraft is given, in the body frame, 
as 
HE= Jw + Zh (17) 
If it is assumed, for simplicity, that the attitude control system has a zero momentum bias, i.e. 
HB = 0, then (17) may be rearranged to give 
(18) 
Now, consider an attitude maneuver about the spacecraft body x-axis. In this case, (18) can be 
expanded as follows 
[ 
w,r l [ -L. sin(17) (h1 + h2 + h:i + h4) l 
0 = cos(r1) (h2 - h4) 
0 cos(17) (h1 - h3) 
(19) 
A diagonal inertia tensor has been assumed, 
From (19), it is evident that h1 = h3 and h2 = h4 due to the geometry of the reaction wheel 
array, Thus, a simplified dynamical model for the attitude maneuver can be written as 
(20) 
where J{ = - .L sin(17), h = h1 + h2 , and T = T1 + T2, Noting that h IwD, and that 
optimization is invariant under scalar multiplication by lw , the following minimum effort rest-to-
rest slew problem can be formulated 
Minimize J[x(•), u(,), t,r] = J~1 [T(t)h(t)[dt 
Subject to 
u =T 
x(to) = [O, of 
T x(t,r) = [0slew,O] 
TL ~ T ~ TU 
tj' = t,lew 
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(21) 
where 0,iew and t,rew are the slew angle and slew time, respectively. Nonsmooth problem PNs is a 
particular case of a general minimum energy problem 16 and it's solution is analogous to minimizing 
the L 1 measure of the reaction wheel mechanical power. 
In order to apply Pontryagin's principle to solve problem PNs, non-smooth analysis can be 
used.9• 10 Alternatively, the problem may be transformed into an equivalent smooth problem by 
introducing additional variables and constraints as part of the problem formulation. To proceed, we 
first split the cost functional into its positive and negative parts. Following [ 16], let 
z(t) := r(t)T-i(t) (22) 
We may now write 
z(t) = Za(t) - Zb(t) (23) 
where z0 (t) = {z(t)} + and zb(t) = { -z(t)} + represent the positive and negative parts of z(t). 
The notation used implies that za(t) 2:: 0 and z6(t) 2:: 0, from which it follows that 
lz(t)I = Za(t) + z1,(t) (24) 
Using the above, the original nonsmooth minimum effort problem (21) can be re-east as a smooth 
problem by introducing the variables z0 and z1, and incorporating the appropriate constraints 
Ps: 
Minimize J[x(-), u(-), ti] = fc~1 (za(t) + z1,(t)) dt 
Subject to x =[/;·] 
U = [f, Za, Zbf 
x(to) = [O, of 
T x(t1) =[0s!ew,O] 
Zc, ( t) 2:: Q 
z1,(t) 2:: 0 
0 :S; Za(t) - h(t)f(t) 
o s; z1,(t) + Ti.(t)r(t) 
t f = tslew 
(25) 
Pontryagin's principle is now applied to the smooth problem Ps in oder to develop the necessary 
conditions for optimality. According to Pontryagin's principle, the Hamiltonian must be minimized 
at each instant of time. Because problem Ps involves box and other constraints on the control, the 
standard Karush-Kuhn-Tucker (KKT) conditions must be applied by developing the Lagrangian of 
the Hamiltonian 16 
~ T 
H(µ, >i., x, u) = H(>i., x, u) + µ h(x, u) (26) 
where H(>i., x, u) is the control Hamiltonian, µ is the path covector, and his the vector of path 
constraints. The Lagrangian of the Hamiltonian is minimized if it is stationary with respect to the 
control vector, u and the multiplier-constraint pair satisfies the complementarity condition. That is, 
the following must be satisfied as each instant of time: 
afJ = aH + µT (ah) = O 




< 0 if 
/Li = 0 if 
::: 0 if 
h1 = hf 
hf'~ h, ~ hf 
I _ ,u /,; - 'i 
for the minimum effort problem, Ps, the Lagrangian of the Hamiltonian is 
Application of (27) yields the following stationarity conditions, 
DH 











The adjoint equations, - ,\ = i~, provide the following relationships between the state-costate 
pairs of the minimized Hamiltonian 
(33) 
(34) 
From (33), it is apparent that the value of >..0 is a constant when the Hamiltonian is minimized, 
The terminal transversality conditions, ;>..( t,r) = D~(t), are evaluated by constructing the end-
point Lagrangian 
(35) 
where v is a vector of multipliers on the endpoint functions, Since the values of v are not known 
a priori, the partial derivatives of (35) are not particularly useful. However, we may derive some 
useful information from the Hamiltonian Value Condition and the Hamiltonian Evolution Equation 
for this problem, From the Hamiltonian Value Condition we have, H(t.r) = zt = Ut, and from the 
Hamiltonian Evolution Equation we have, ~r = D~I = 0, Thus, for all time, 7-i(t) = Ut, a constant. 
The value of this constant ranges from -1 for minimum time problems to 0 for time-free problems. 
The necessary conditions for problem P,, developed above may be utilized directly, as dual vari-
ables, in the generation of a candidate solution to the optimal control problem, such as in a shooting 
method. Alternatively, the necessary conditions may be reconstructed from the primal space. In 
either, case the necessary conditions serve an important role in the validation of any computed so-
lutions. In this paper, the various optimal control problems are solved using DIDO, a MATLAB 
toolbox for solving optimal control problems, 16 DIDO implements a guess-free, 17 adaptive spectral 
algorithm based on pseudospectral optimal control theory. 11 DIDO provides numerical solutions to 
optimal control problems wherein the dual space is reconstructed via the covector mapping theo-
rem. 11 Thus, the necessary conditions derived above can be utilized in order to check the numerical 
results. In addition propagation tests, where optimal controls are used to drive the plant dynamics, 
are employed to ensure the results are feasible for implementation. Additional details on the estab-
lished standard procedures for validating optimal control solutions are described in reference [ 16]. 
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To illustrate the application of the necessary conditions to validate a solution to problem Ps, the 
solution for a 60-deg slew with a fixed slew time of 30-sec was obtained using DIDO. The value of 
I( = -0.033 kg-J • 111- 2 was used. The results are shown in Figure 2. Referring to Figure 2, it is 
observed that the solution to the minimum effort problem is analogous to a standard bang-off-bang 
maneuver (although a momentum limit has not been explicitly given). Recall, however, that this 
minimum effort solution is based on minimizing the cumulative reaction wheel mechanical power 
as opposed to the true electrical power consumption of the array. However, because the profile 
of the minimum effort £ 1 solution closely resembles that of a standard attitude maneuver (e.g. a 
bang-bang or bang-off-bang slew), one may erroneously conclude that current slew strategies are, 
in fact, power optimal. As will be demonstrated later this, however, is certainly not the case. At 
present, we are not interested in the solution ofFigure 2 per se. On the contrary, the results of this 
section are presented primarily so that the main ideas behind constructing a smooth version of a £ 1 
optimal control formulation can be elucidated and to illustrate the utility of the necessary conditions 
in validating the optimality of a numerical solution to the smooth £ 1 problem. 
To address the latter point, consider the fact that as required by the Hamiltonian Evolution Equa-
tion, the time history of the numerical Hamiltonian (shown in Figure 2f) is a constant with value 
of approximately 1-l(t) = -0.14. This serves as one straightforward check on the optimality of 
the numerical solution. The trajectories for the costates and the path covectors can also be used 
to check against the necessary conditions and to verify that the complementarity conditions have 
been met. For example, the adjoint equations dictate that >-e(t) is a constant. From Figure 2d, it is 
seen that the value of this constant is Ae(t) = -3.6. As a check on the satisfaction of the station-
arity conditions, consider the fact that µ.7 = -A1,. + h (µpas - µ 11cg) for an optimal solution. The 
satisfaction of this equality by the numerical solution is illustrated in Figure 3. Satisfaction of the 
complementarity conditions (see equation 28) also dictates the behavior of the control variables by 
imposing a switching structure for the controls. Thus, optimality of the numerical solution can be 
further verified by confirming that the control varies in accordance with (28). This is illustrated in 
Figure 4 for the torque, f-. As is seen, the torque is at the lower bound when µ 7 < 0, at the upper 
bound when µ 7 > 0 and is zero when p 7 = 0. Strictly speaking, the torque can take any value, 
f- E [TL, Tu], when µ 7 = 0. However, because the torque variable appears in the cost functional, 
the solution admits f- = 0 for /17 = 0 to minimize the cost. 
In the construction of the simplified minimum effort optimal control problem it was assumed, for 
convenience, that h = h 1 + h2. In order to implement the solution to slew the spacecraft, however, it 
is necessary to determine a momentum profile for each of the reaction wheels. On simple approach 
for doing this is to allocate the momentum profile given in Figure 2b to the individual wheels using 
a standard least-squares control allocation law, for example, the Moore-Penrose pseudoinverse. For 
the four-wheel array having the geometry described by (16) the pseudoinverse is given as 
l 
cos(r1) 
z+ = 1 cos(17) 







Since the solved attitude maneuver was a slew about the spacecraft body x-axis, the allocation of 
the required momentum profile to the wheels is straight forward. Each wheel must be commanded 
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Figure 2. Solution to a L1 minimum energy problem for a 60-deg slew about the body 
:i:-axis: (a) attitude angle; (b) momentum; (c) torque; (d) costates; (e) path covectors; 
(f) Hamiltonian. 
so that J;'1'" lf'hldt = sit7) J;s1ew I:;=1 ITih;ldt. The time history of the running cost (integrand 



































-0.6 --~-~--~-~----~ -0.6 '---~-----'--~-~--~-
0 5 10 15 
time (sec) 
(a) 




Figure 3. Verification of the stationarity condition on torque: (a) time history of path 
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30 
associated with the solution of a quadratic optimal control formulation for minimizing effort that 
is typically utilized in the literature. As can be seen, minimizing J;'1"' l'fllldt reduces mechani-
cal energy requirements as compared to minimizing the quadratic functional, Jislcw ( f h )2 dt. The 
mechanical energy input is reduced by more than 20% from 11.4 J (quadratic cost functional) to 
8.9 J (L1 cost functional). A related discussion on the difference in performance between L1 and 
quadratic cost metrics can be found in [18], where it is shown that the penalty for not using the 
L 1-nonn is significantly more propellant consumption and undesirable continuous thrusting in a 
minimum-fuel spacecraft guidance and control problem. 
MINIMUM POWER OPTIMAL CONTROL 
In the last section, a simple minimum effort slew problem was developed to illustrate the proce-
dure for transforming a nonsmooth L 1 optimal control problem into a smooth problem that could 
be solved by Pseudospectral optimal control theory. In the previous section the cost functional min-
imized the reaction wheel mechanical energy. This cost functional is, however, only a proxy for 
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Figure 5. Mechanical energy input for a minimum effort attitude maneuver using L 1 
and quadratic optimal control formulations. 
electrical power. In this section, the minimum power problem is re-cast in terms of an equivalent L 1 
optimal control problem so that the approach described above can be applied to formulate a problem 
in which reaction wheel power consumption can be minimized over a slew. 
Power input to the reaction wheel array from the bus supply occurs only when the reaction wheel 
power equation (13) is positive. Otherwise, (13) represents the amount of heat dissipated in the 
ballast circuit. 15 Thus, a cost functional for minimizing power should consider only the power 
drawn from the bus. This requirement can be met by applying the operator {•}+,described by ( 15), 
which returns only the positive part of the reaction wheel power equation for each wheel, i.e. P; 2'. 0. 
Thus, a cost functional for minimizing power must properly represent the behavior of operator { •} +. 
An appropriate equation for calculating { P;} + may be written as 
(37) 
Due to the presence of the absolute value term in (37), it is evident that a minimum power solution 
for a given attitude maneuver can be determined by solving an L 1-optimal control problem involving 
the reaction wheel power input equation. Using this insight, a suitable minimum power optimal 
control problem for reaction wheel attitude control may be formulated as 
PPWR: 
Minimize J[x(•), u(-), t1] = ½ .J~I 0:::';1=1 P; + L;1=1 IP;!) dt 
Subject to 







T = [qo, wo, ho] 
= [qj, Wj, h1]T 
< Tw; < TU, 
~ h; ·~1iu, 
=1 
=0 
if = tslew 
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i = 1, 2, ... , n 
i = 1, 2, ... , n 
(38) 
Referring to (38), P; is the reaction wheel power input equation given by (13) for each whee]. 
The differential equations represent the nonlinear rotational dynamic equations of the spacecraft. 
Thus, point-to-point maneuvers about any rotational axis may be designed, by inserting the desired 
initial and final quaternions. Initial and final maneuver rates and reaction wheel momenta may also 
be specified via the boundary conditions. Therefore, it is possible to solve problems involving a 
momentum bias. This aspect is particularly important for spacecraft like the JWST because 1110_ 
mentum accumulated by the wheels will only be periodically unloaded by thrusters. Limits on the 
reaction wheel torque and momentum capability are also inserted to accommodate the capabilities 
of the momentum control system. In the problem formulation given by (38), no bounds on space-
craft angular rate are specified. This is because the rate limit is dictated implicitly by the assumption 
of a fixed slew time, ts1ew, given as part of the problem formulation. In order to design maneuvers 
that can be implemented on a real spacecraft system, it is also necessary to define additional con-
straints on the states and/or controls, such as the quaternion norm condition and the conservation of 
angular momentum. This is accomplished in (38), by defining additional path constraints as part of 
the optimal control problem formulation. 
Of course, as written, problem PPwR cannot be solved due to the nonsmooth cost functional. 
Thus, we apply appropriate transformations to convert the problem into a smooth one. For example, 
we may define two additional variables, Za,i and zb,i for each wheel to represent the positive and 
negative parts of the wheel power input. In doing so, the cost functional may be rewritten as, 
J = ½ 1i1 cr::'=1 P; + I:;'=1 (za,i + Z1,,;)) dt. The constraints, Za,i 2: 0,Zb,i. 2: 0, Za,i - P; 2'. 0, 
and Zb,i + P; 2'. 0 must also be defined for each wheel*. The transformation into a smooth problem 
thus necessitates the introduction of 2n virtual control variables and 4n additional path constraints 
as part of the description of the smooth problem. Suffice to say, solving the smooth problem can be 
difficult unless the appropriate computational techniques are employed. In addition, analysis and 
verification of the necessary conditions becomes cumbersome. For example, the adjoint equations 
for the quaternions are 
½ (Aq2W3 - Aq2W2 + Aq4W1) 
½ ( -AqJ W3 + Aq3W1 + Aq4W2) 
½ (Aq 1w2 - Aq2 W1 + Aq4 w3) 
½ (-AqJ W1 - A,12W2 - Aq3W3) 
(39) 
Nonetheless, there are several necessary conditions for optimality that can be easily verified to 
validate numerical solutions including the constancy of the Hamiltonian and the complementarity 
conditions on the control. 
APPLICATION TO THE JWST 
In this section, we solve a version of the developed minimum power attitude control problem 
formulation to reduce the energy needed to slew the JWST. We draw our example from the work of 
Markley et al. [20] who present a simulated 90-deg rest-to-rest slew of the JWST using conventional 
'We note that the reaction wheel power equation given by (13) contains the term, ;51 sign(rl), that represents Coulomb 
friction. While it is possible to transform the non-differentiable sign(·) function into an equivalent smooth function by 
the introduction of additional variables and associated constraints, we instead replace the terms involving sign(•) with the 
hyperbolic tangent function, tanh(·), in order to perform the smoothing operation. This assumption is justified by the 
fact that the error introduced by the smoothing approximation is limited to the region of zero-crossings of the reaction 
wheel speed. In practical applications, such zero-crossings are typically avoided, or at least minimized, to prolong the 
life expectancy of the wheels. Thus, the impact of the smoothing approximation on the calculation of the reaction wheel 
power input is considered to be negligible. 
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attiwde control concepts. The simulation used six wheels with an elevation angle, 17 = 35.26-deg, 
and the cone axis of the wheel configuration about the spacecraft x-axis, which is the slew axis taken 
in the example. Since momentum biased maneuvers are limiting, the maneuver in [20] starts with 
a system momentum equivalent to 2hnrnx loaded in the body y-direction, where hma.x = 60 Nms is 
the maximum momentum that can be stored by a single wheel in the array. Representative values 
of the other system parameters pertinent to the momentum control system have been compiled from 
several open sources, e.g. references 15 and 21, and are summarized in Table l. 
Parameter Symbol Value Units 
[ 
45000 0 0 l Inertia tensor J 0 90000 0 kg· m2 0 0 73000 
Maximum slew torque -TI,, TU 0.036 N·m 
Maximum wheel momentum -//", hu 60 N-m · s 
Wheel inertia ,Jw 0.13 kg· m2 
Wheel Coulomb friction fh 0.002 N·m 
Wheel viscous friction /32 5 X 10- 5 N-111/rad/s 
Motor torque constant J<T 0.07 N-111/A 
Motor back-EMF constant I<n 0.07 V/rad/s 
Motor bridge resistance RM 1.8 Ohms 
Bus voltage Vs 28 V 
Harness resistance R;, 0.004 Ohms 
Quiescent power 1-')q 3.0 w 
Table 1. Representative parameters of the JWST momentum control system. 15, 19, 20,21 ,22 
In order to reconstruct the baseline slew simulation, equation (17) may be rewritten to accommo-
date the momentum bias term 




Equation (40) can be expanded similarly to (19) to give 
(40) 
(41) 
Since it is customary to design slew maneuvers without regard to momentum bias, the value of 
hmax may be set to zero in (41). After doing so, and after some algebraic manipulation, a simplified 
model of conventional attitude maneuver can be written in precisely the same form as (20) 
(42) 
but, in this case, with h = h1 + 2h2 + 2h3 + h,4 and f = T1 + 2T2 + 2T3 + T4. The conventional 
attitude maneuver can now be determined by solving the minimum effort problem described earlier 
using the new definitions for h and f. Doing so yields a reaction wheel momentum profile that does 
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not consider the momentum bias. However, the reaction wheel momentum profile with bias may be 
reconstructed by rearranging ( 40) and solving the resulting equation as a function of time 
h = z+ ( -Jw + [ 0, 2hmax cos(0), -2hrnax sin(0) f) (43) 
In (43), the conventional Moore-Penrose allocation is assumed for matrix z+. 
The resulting solution to the minimum effort problem is shown in Figure 6. In solving the min-
imum effort problem, the slew time was taken as t,1ew = 36-minutes (as in reference 20) because 
several wheels, i.e. wheels I and 6, are observed to reach the momentum limit. Thus, the slew can-
not be completed more quickly without saturating the wheels. The maneuver profiles are shown in 
Figure 6 is precisely the same as the conventional slew profile presented previously in [20), though 
in the previous work the slew was designed by applying the standard template associated with a 
conventional Eigenaxis slew maneuver. In other words, the maneuver in [20] was designed from 
the point of view of kinematics, by assuming a bang-off-bang angular acceleration profile and not 
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Figure 6. Conventional maneuver profiles for a 90-deg rest-to-rest slew of the JWST: 
(a) attitude angle; (b) slew momentum; (c) slew torque; (d) Moore-Penrose momen-
tum distribution. 
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The minimum power problem for reaction wheel maneuvering was solved next for the same 90-
deg x-axis slew as in the baseline maneuver described above. The same time horizon was assumed. 
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j\s part of the problem formulation, momentum constraints were also included to enforce an Eige-
naxis motion. In other words, it was assumed that off-Eigenaxis motions, while potentially advanta-
geous, were not allowed. The resulting maneuver profiles are shown in Figure 7. The Hamiltonian 
associated with the numerical solution is shown in Figure 8. As is seen the Hamiltonian is nom-
inally constant as a function of time, indicating that an extremal solution satisfying the necessary 
conditions for optimality has been determined. Referring to Figure 7 it is seen that the minimum 
power solution differs from the baseline solution in two ways: (i) The time-history of the momen-
tum profile about the spacecraft body :r-axis has changed due to the application of a different body 
:r-axis torque - the minimum power maneuver is no longer bang-off-bang, and (ii) the momentum 
profiles of the individual wheels have changed significantly from those seen in the baseline solution 
(compare Figure 6d with Figure 7d). The difference between Figure 6d with Figure 7d) represents 
the re-distribution of momentum necessary to reduce the overall reaction wheel input power needed 
to complete the maneuver. 
90 
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Figure 7. Minimum power maneuver profiles for a 90-deg rest-to-rest slew of the 
JWST: (a) attitude angle; (b) slew momentum; (c) slew torque; (d) minimum power 
momentum distribution. 
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To illustrate the reduction in reaction wheel power that can be achieved by solving the mini-
mum power optimal control problem, the time-histories of the total instantaneous power input to 
the reaction wheel array for the baseline and minimum power solutions are plotted in Figure 9. 
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Figure 8. Hamiltonian associated with the minimum power maneuver of Figure 7. 
energy can be determined. As can be seen, the minimum power momentum distribution consid-
erably reduces reaction wheel power input for the slew maneuver. In particular, the peak power 
of the array is reduced by 22% from 52 W for the conventional maneuver to 40 W for the new 
minimum power solution (see Figure 9a). It is also evident that for the minimum power solution, 
the peak-to-average power draw ratio has been improved. Referring to Figure, 9b, the total energy 
consumption is reduced by 20% from 62 kJ for the conventional maneuver to 50 kJ for the new 
minimum power solution. While it was not done here, the peak power of individual wheels may 
be limited by introducing an appropriate upper bound on variables, z0 and Zb, in problem PrwR-
Similarly, energy consumption of individual wheels may be limited by introducing isoparametric 
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Figure 9. Reduction in reaction wheel power input for conventional Moore-Penrose 
momentum distribution and new minimum power momentum distribution: (a) in-
stantaneous array power; (b) cumulative array energy. 
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CONCLUSIONS 
This paper described a minimum power optimal control formulation for reducing the slew energy 
requirements of a reaction wheel spacecraft. While previous work focuses on minimizing prox-
ies for reaction wheel power, the formulation developed here operates directly on the power input 
2700 
equation. In order to avoid issues associated with non-differentiable functions, the introduction of 
appropriate functional constraints and transformations was used to build a smooth cost functional for 
reaction wheel power. The resulting ]_) optimal control problem could then be solved using Pseu-
dospectral optimal control theory. Application for a typical large-angle slew of the James Webb 
Space Telescope showed that the minimum power solutions can significantly reduce requirements 
as compared to conventional attitude control concepts. The energy reduction ( ~ 20%) was obtained 
by finding a minimum power momentum distribution that achieves the necessary control effort to 
slew about the Eigenaxis, while simultaneously reducing the overall power input to the individual 
wheels. Reducing the power demands of reaction wheels during spacecraft attitude slews can have 
multiple benefits both in the up-front spacecraft design phase as well as during in-flight operations, 
ranging from mass savings on the batteries and power distribution system to lowering the thermal 
stresses within the wheels, which may prolong the mission life. 
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